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STRANGE PRODUCTS OF PROJECTIONS 


EVA KOPECKA AND ADAM PASZKIEWICZ 


Abstract. Let H be an infinite dimensional Hilbert space. We 
show that there exist three orthogonal projections Xi, , X'^ onto 

closed subspaces of H such that for every 0 ^ zq G H there exist 
ki,k 2 ,-“ € {1)2,3} so that the sequence of iterates defined by 
Zn = Xk„Zn-i does not converge in norm. 


Introduction 

Let A be a fixed natural number and let Xi, X 2 ,..., Xk be a family 
of K closed subspaces of a Hilbert space H. Let Zq E H and fci, /c 2 , • • • ^ 
(1,2,... ,K} be arbitrary. Consider the sequence of vectors {zn}'^=i 
defined by 

(1) Zji X]^^Zn—\i 

where denotes also the orthogonal projection of H onto the subspace 
Xfc. The sequence {zn} converges weakly by a theorem of Amemiya and 
Ando |AAj . If each projection appears in the sequence {Pk„} infinitely 
many times, then this limit is equal to the orthogonal projection of zo 
onto Clf^iXi. 

li K = 2 then the sequence {zn} converges even in norm according to 
a classical result of von Neumann [N]. An elementary geometric proof 
of this theorem can be found in jKRj. 

If A > 3, then additional assumptions are needed to ensure the 
norm-convergence. That {zn} converges if H is finite dimensional was 
originally proved by Prager |Prj : this also follows, of course, from |AAj . 

If H is infinite dimensional, but the sequence {kn} is periodic, the 
sequence {zn} converges in norm according to Halperin |Haj . The result 
was generalized to quasiperiodic sequences by Sakai [S]. Recall that 
the sequence {kn} is quasiperiodic if there exists r G N such that 
{/cm, kra+i ,..., km+r] = {1,2,..., A} for each m G N. 

The question of norm-convergence if H infinite dimensional, A > 3 
and {kn} arbitrary, posed in |AA] . was open for a long time. In 2012 
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Paszkiewicz [P] constructed an ingenious example of 5 subspaces of an 
infinite dimensional Hilbert space and of a sequence {zn} of the form 
([^ which does not converge in norm. An important input towards 
the construction originates in Hundal’s example (jH], see also IK| and 
|MR] 1 of two closed convex subsets of an inhnite dimensional Hilbert 
space and a sequence of alternating projections onto them which does 
not converge in norm. 

E. Kopecka and V. Muller resolved in |KMj fully the question of 
Amemia and Ando. They rehned Paszkiewicz’s construction to get a 
rather complicated example of three subspaces of an inhnite dimen¬ 
sional Hilbert space and of a sequence {zn} of the form Q which does 
not converge in norm. 

In Section of this paper we considerably simplify the construction 
of |KM] . resulting in Theorem 2.6 Moreover, we strengthen the state¬ 


ment on existence of one badly behaved point to the statement that 
all points (except for zero) in a Hilbert space H can be badly behaved. 
Namely, in Theorem 3.5| we show that in every inhnite dimensional 
Hilbert space H, there exist three orthogonal projections Xi,X 2 ,X 3 
onto closed subspaces of H such that for every ^ zq & H there 
exist ki,k 2 ,--- G {1,2,3} so that the sequence of iterates dehned by 
Zn = Xk„Zn-i does not converge in norm. 

If we allow hve projections instead of just three, only two sequences 


of indices are needed to get divergence at every point. In Theorem 3.3 
we show that there exists a sequence ki,k 2 ,--- G {1,2,3} with the 
following property. For every inhnite dimensional Hilbert space H there 
are closed subspaces Xi, X 2 , of H so that if 0 7 ^ z G AT, and 
Mo = Xz and vq = XYz, then at least one of the sequences of iterates 
{Un}n=i or {Vn]n=i dehued by Un = Xk„Un-i and Vn = Xk„Vn-i does 
not converge in norm. 

The paper is organized as follows. 

In Section [T] we observe that if we have control over the number of 
appearances of a projection in a product, then replacing the projection 
by another one, close in the norm to the original one, does not change 
the product much. 

Let u and v be two orthonormal vectors. In Section |2] we construct 
two almost identical subspaces X and Y and a product of projections 
V, X,Y) onto the span uV v of u and v, and the spaces X and Y 
so that v,X,Y)u ~ v. Using the results of Section we “glue” 

countably many copies of such triples of spaces together. We thus 
obtain three projections and a divergent sequence {zn} of iterates ([^ 
which trail very closely along the quartercircles connecting consecutive 
vectors of an orthonormal sequence. 
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In Section we deduce from the existence of three subspaces and 
one point the iterates of which do not converge the existence of other 
three subspaces such that for any nonzero point in the space certain 
iterates of the projections on these three subspaces do not converge. 


Notation. In the entire paper if is a Hilbert space; we will explicitly 
mention when we need H to be infinite dimensional. Let B{H) be the 
space of bounded linear operators from H to H. 

For a closed subspace X of ii we denote by X also the orthogonal 
projection onto X. For M, N G H we denote by V M the closed linear 
hull of M, and by M V iV the closed linear hull of M U A^. Similarly, 
we use Vx and x \/ y ior x,y E H. 

For m G N let Sm be the free semigroup with generators ai,... ,am- 
If ■ ■ ■ Ojj G Sm (for some r G N and ij G m}) and 

Ai,...,Am G B{H), then we write ip{Ai,..., Am) = Ai^ ■ ■ ■ Ai^ G 
B{H). If Xi ,..., Xm are closed subspaces of H, then (p{Xi ,..., Xm) = 
Xi^ ■ ■ ■ G B{H) is the respective product of orthogonal projections. 

Denote by |(p| = r the “length” of the word (p, and by \ipi\ the number 
of “occurrences” of a* in the word tp. Then \Vi\ — \v\ = 

1 . Continuous dependence oe words on the letters 

Orthogonal projections are 1-Lipschitz mappings and so are their 
products. This allows us to construct our examples “imprecisely”. If 
for certain zq the sequence of iterates {zn} defined by ([^ does not 
converge in norm, the same is true of such sequences of iterates starting 
from a point w from a small enough neighborhood of z. 

Now assume, we have control on the number of appearances of a 
letter a in the word p. If we plug in projections, substituting A for a, 
or instead of H a projection B close enough in norm to A, the resulting 
product does not change much. 

Lemma 1.1. Let ip E Sn for some n E N. Assume Ai, Bi, E G B{H), 
i G {1, 2,..., u} are contractions so that each A^ commutes with E. 
Then 


mA^,...,A^)E-iP{B^,...,B^)E\\< Y, \'^^\ \\AE-B,E\\. 

\<i<n 

Proof. We proceed by induction on r = \ip\. For r = 0 the statement is 
obvious as ip{Ai ,..., An) = ..., Bn) is the identity mapping on 

H. Let the statement be valid upto some r and let \ip\ = r + 1. Then 
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xfj = ipaj for some ip E Sn with \p>\ = r and j G {1,..., n}. Hence 

= ||‘^(^l, • • • ; ^n)^jE — p{Bi^ . . . , Bn)BjE^ 

— • • • ) ^n)AjE — p{Bi, . . . , Bn)AjE\\ 

+ ..., Bn)AjE — p{Bi, ..., Bn)BjE\\ 

<\\p{Ai,.. .,An)E - p{Bi,.. .,Bn)E\\ + \\p{Bi ,... ■ \\AjE - BjE\\ 

<\\A,E-B,E\\+ 11^*^ 

\<i<n 

< Y, \'^^\ \\AiE-B,El 

l<i<n 

by indnction, and since AjE = EAj, ll^jll < 1 and \\p{Bi ,..., Bn)\\ < 

1. □ 


The following two lemmata are straightforward colloraries of the 
above. We inclnde them for easy reference. 


Lemma 1.2. Let-0 G S^. Suppose E,W,X,X',Y,Y',Z are subspaces 
of H so that W,X,Y gE and X', Y' L E. Then 

\\tl){W,X,Y)E -fji.Z.Xy X',YyY')E\\ < ■ \\ZE-W\\. 


Proof. This is a corollary of Lemma 1.1 for n = 3, since WE = W, and 
X = XE = {X y X')E, and similarly, Y = YE = {Yy Y')E. □ 

The next statement is a corollary of Lemma 1.1| for E = H. 


Lemma 1.3. Let p E Sn and Hi,... A^, Bi,... ,Bn be projections for 
some n eN. Then 


\\p{Ai,..., An) - p{Bi,..., Bn)\\ < \p\ ■ max \\Ai - Bi 

2=1,...,n 


2. Projectional iterates of a point may diverge 

Let H be an inhnite dimensional Hilbert space. According to |KMj . 
there exist three closed snbspaces Xi,X 2 ,X 3 C H, snch that the se- 
qnence of iterates dehned by Wn = Xk^Wn-i does not converge 

in norm. In this section we simplify the proof of this statement. 

The example is “glned” together from hnite dimensional blocks. In 
each of these blocks three snbspaces and a hnite prodnct of projections 
are constrncted so that the prodnct maps a given normalized vector u 
with an arbitrary precision on a normalized vector v orthogonal to u. 

For e > 0 let A; = /c(£) be the smallest positive integer k snch that 
(cos > 1 — e. That is, if u and v are two orthonormal vectors, and 
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we project u consecutively onto the lines gi,... ,gk dividing the right 
angle between u and v into k angles of size then we land at v with 
error at most e 

Projecting onto a line gj can be arbitrarily well approximated by 
iterating projections between two subspaces intersecting at this partic¬ 
ular line. In the next lemma we call these spaces W = u V v and Xj. 
By introducing a small error, we modify X' into Xj, to ensure that 
Xi C ■ ■ ■ C Xfc. This will enable us later to replace the projections on 
each of the spaces Xj by the product (XXXj^dO of projections onto the 
largest space X = X^ and its suitable small variation Y. Alltogether, 
instead of projecting onto several spaces to get from u to v, we project 
only on three of them: W, X, and Y. We get a suitable product xjj of 
these projections so that '0(hP, X, Y)u ~ v. 

The next lemma is modihed from [P], the proof is taken from |KMj . 

Lemma 2.1. Let £ > 0. Then there exists (p G Sk{s)+i with the follow¬ 
ing properties: 

Suppose X is a subspace of H so that dimX = oo, and u,v E X 
are so that ||m|| = ||r;|| = 1 and u Y v. Then there exist subspaces 
Xi C • ■ ■ C Xfc(£) C X so that dimXj = j + 1 for all j G {1,..., k{e)}, 
and 


|v?(lT,Xi,.. .,Xk(e))u - p|| < 2e, 


where W = u\/ v. 

Proof. Write k := k{e). Choose orthonormal vectors zq^Zi, , z^-i G 

nx. 

Let i = ^- For j = 0, ..., fc, let hj = ucosjf + vsmj^ be the 
points on the quarter circle connecting ho = u to hk = v . We construct 
inductively a rapidly decreasing sequence of nonnegative numbers ao > 
ai > ■ ■ ■ > ak-i > (Tfc = 0 in the following way. Choose ao G (0,1) 
arbitrarily. Let I < j < k — 1 and suppose that ao, ..., aj^i and 
subspaces Xi C ■ ■ ■ C Xj_i have already been constructed. Set 

Xj = V{ho -l- aoZo, hi aiZi, ..., hj_i -|- aj-iZj-i, hj}. 

Since W fl Xj = Vhj, we have (XjTPXj)^x —>■ (Vhj)x for each x E H 
as r —>■ oo, by [N]. As both spaces are hnite dimensional, there exists 
r(j) G N such that 



Let aj > 0 be so small that 

( 2 ) 
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where 


Xj — V{/iq -f- oqZq, hi diZi^ ■ ■ ■ 1 ^j—i A" ctj—1, hj 


Suppose that Xi C X2 C ■ ■ ■ C Xk-i have already been constructed. 
Set formally Ofc = 0 and Xk = X^. = V{ho + hi + aiZi ,..., hk-i + 
ak-iZk-i, hkj- Find r(k) E N such that ([^ is true also for j = k. Then 
V = hk E Xk- Let ip E Sk+i and ■0 G be dehned by 

ip{c, 61,, bk) = ipkchkY^'''’ ■ ■ ■ {hichiy^^\ 

and Yi^ai, ..., a^) = ai... a^. Then 


||(p(hF,Xi,... ,Xfc) — Vhfc • • • V hi|| 

=\\YYXkWXky ^^\..., (XihFXi)'-W) - yiyhk ,..., vhi)|| < fc ■ 


by 


Lemma 


1.3 


Hence 


\^{W,Xi,...,Xk)u-v\\ 

<||<y9(lF, Xi,..., Xk)u — {yhk - ■ ■ y hi)u\\ + ||(Vh.fc ■ ■ ■ V h.i)M — n|| < 2e. 


It follows from the construction, that the resulting word (f E Sk{e)+i 
does not depend on the particular X, u, and v. 


□ 


Projections onto an increasing family of n hnite dimensional spaces 
can be replaced by projections onto just two spaces: onto the largest 
space in the family and onto a suitable small variation of it. The next 
lemma is generalized from [P], its proof from |KM] . 

Lemma 2.2. Let k E 'N and e > 0, t] > 0, and a > 0 be given. 
There exist natural numbers a < s{k) < s{k — 1) < ■ ■ ■ < s(l) with 
the following property. Suppose Xi <Z X 2 <Z ■■■ <Z Xk <Z X <Z E <Z H 
are closed subspaces so that X is separable and dimX-*- fl = 00 . 
Then there exists a closed subspace Y <Z E such that X DY = {0}, 
\\X — Y\\<ri and for each j G {1,..., k}, 

\\{XYXy^^^ - Xj\\ < s. 

Proof. We can assume 0 < r; < 1. First we £x 0 < /3k+i < h/2 and 
choose s{k) > a such that 1/(1 + < e. Next we inductively 

choose numbers 


/3k,s{k - l),/3k-i,s{k - 2),... ,s(l),/?i 
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such that 


/3fc+i > > • • • > /9i > 0, 

a < s{k) < s{k — 1) < • • • < s(l), 


(1 + 


< £ and 


(1 + /52)di) 


< £ 


for j = fc,..., 1. We show that these s/s are as required. 

Let {ej}jg/ be an at most countable orthonormal basis in X such 
that there are index sets ^ = Iq C h C ■■■ G Ik Cl h+i = I with the 
property, that is an orthonormal basis in Xj for j G { 1 ,..., k}. 

For i E Ij\ Ij-i dehne 7 * = {Ij. Let be an orthonormal system 

in X-^ n E. We construct Y as the closed linear span of the vectors 
Ci + 'yiWi, i E I. Note that if Y is constructed in this way, we have for 
m EN and i E I, 

( 3 ) {XYXrei = ■ 


If T = ^ then by 0, 


(4) 


UxYxy^^^x- X. 




x\\ = 


llr“'(i+7f)'W it 


diCi 






1 


ZGi \Ij 




i£l 


For any z E H we have 


{XYXy^^h - XjZ = {XYXy^^\Xz) - Xj{Xz), 
since Xj C X. Hence by 0 for j G {1,..., k}, 

\\{XYXy^^^ - Xj\\ < e. 
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It is easy to see that ||X — y|| < rj. Indeed, for any 0 ^ z E H, 


IIX;. 


=11 ^ + 'jiiUi, z){ei + 'yiWi)\\^ 

iei iei ^ 

- n ^2^2 

iizi 

i£l '* 

<2(V2r||z||2 + 2(V2)2i|;,i|2 + (r;V4)||z||2 

<v^zr 


We have used that 0 < y* < (3k+i < y/2 < 1, and in the third line the 
estimate {a — hY < 2a^ + 26^. Since 0 < y* for all i E I, we have that 

xny = {o}. □ 


Again, let u and v be orthornormal, W = uV v, and e > 0. In the 
next lemma we construct a word Y and a two “almost parallel” spaces 
X and Y so that ||V’(hh, W,y)M — r;|| < 2e. Importantly, the number 
of appearances of hh in depends only on £. On the contrary, the 
closer together the spaces X and Y are, the larger is their number of 
appearances in Y- 

Lemma 2.3. For every e > 0, there exists N = N{e), so that for every 
y > 0, there exists Y ^ ^3 so that lYil Y N with the following property. 

Given subspaces X G E G H so that X is separable and dimX = 
dimX-*- n i? = oo, and u,v E X are so that ||m|| = ||n|| = 1 and u E v, 
there exists a subspace Y G E such that X fl F = {0}, ||X — F|| < p, 
and 

\\ij{W,X,Y)u-v\\ < 3£, 

where W = u\J v. 


2.1 


Proof. Let e > 0 be given. Let ip E Sk{e)+i be as in Lemma 
N = \pi\. Let y > 0 be given. For k = k^e)., e replaced by ejfip 
given y, and a = 1 choose the natural numbers s{k) < s{k — 1 ) < 

To dehne the word replace for each 


and 
the 

■ • < 

s(l) according to Lemma 2.2 
i E {2,..., fc + 1} the letter a* in cp by ( 020302 )^^*“^^. With a slight 
abuse of notation, but certainly more understandably. 


Y{W, X, Y) = p{W, {XYXy^^\ ..., 
= \Fi\=N. 


Clearly, |V’i 
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Let u,v E X C -E as in the lemma be given. According to Lemma 2^ 
there exist subspaces Xi C ■ ■ ■ C C X so that 

||(p(hL,Xi,.. .,Xk)u - t|| < 2e, 

where W = uV v. By Lemma 2^ there exists a subspace Y G E such 
that X n y = {0}, ||X — y II < rj and for each j G {1,..., k}, 

\\(XYxyf=^ - Xj\\ < e/m. 


Then 


\\7P{W,X,Y)u-v\\ 

=\\ip{w, {XYxy ^^\..., (xyx)"(^))M - v\\ 

<|P(M', .... {XYXfMn - v>(T Ai,.... Xt] 

+ Ai,, Afc)u - y|| < 3e 


u\ 


by Lemma 1.3 


□ 


Next we show that we have relative freedom of choice for the three 
spaces verifying yiWyX, Y)u ~ v. 


Lemma 2.4. For every e > 0, there exists 5 = 5{e), so that for every 
rj > 0, there exists E S 3 with the following property. 

Given subspaces X G E G H so that X is separable and dimX = 
dimX-*- G E = 00 , and u,v E X are so that ||m|| = ||n|| = 1 and u E v, 
there exists a subspace Y G E such that X fl y = {0}, ||X — y|| < 77 
with the following property. If W = m V n and X', Y', Z are subspaces 
such that X', Y' G E^ and ||iy — ZE\\ < 5 then 

||i/^(y,x vx',y vyOM-nll < Ae. 


Proof. Given an £ > 0, choose N E N according to Lemma |2.3 and 
put 6 = e/N. For these £ and N and a given r] choose "0 according 
to Lemma 2.3, and for a given subspace X choose also Y according to 


this lemma. Let X',Y\Z be as above. Lemma 1.2 implies, that 


||0(y,x vx',y vy')M-T|| 

<||0(y,x vx',y vy')K-0(iy,x,y)M|| + \\ij{w,x,Y)u-v 

< 101 1IIIF - y^ll + 3£ < Ne/N + 3e = 4e. 


□ 


Now we glue the hnite dimensional steps together. Given an or¬ 
thonormal sequence with an inhnite dimensional orthocomple¬ 

ment, we construct three spaces X, Y, Z and words T* G ^3 so that 
4/i(Z, X,Y)ei ~ Cj+i for all i G N. 
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Lemma 2.5. For any Ei > 0, i = 1,2,, there exist G S 3 with the 
following property. 

Suppose {ei}’^i is an orthonormal sequence in H with an infinite 
dimensional orthogonal complement. Then there are three closed sub¬ 
spaces X,Y, Z (Z H so that 

\\<l>i(Z,X,Y)ei - Ci+iW < 4:£i. 


Proof. Use Lemma 2.4 to define 6 i = S{ei). Put rji = min{5j_i, s,+i}Z 
where 5o = 1- Again, use Lemma 2.4| to choose fji & S 3 . For even i G N 
put \l/j = fji, for the odd i dehne '^fiZ, X,Y) = ipi{Y,X, Z). 

G N be closed inhnite dimensional subspaces of H so that 


Let Ei, i 


^ii ^i+1 ^ Eji, 

Vci+i = EiEi+i = Ei+iEi, and 


Ei _L Ej if |i — j| > 2. 


Fix also closed subspaces X* C E^, so that e*, e^+i G Xj, and dimXj = 
dim(Xj^ n Ei) = 00. 


By Lemma 2.4, there exist closed subspaces Yi C Ei so that 


(5) 


\\fii{Zi,Xi V X',Yi V Y')ei - ej+i|| < As, 


whenever Wi = ejVej+i and X', Y', Zi are subspaces such that X', Y' C 
Ef and \\Wi — ZiEi\\ < 5i. Put Yq = Vci and 


00 CXD CXD 

X = \JX„Y=\/Y,k,Z=\/ Y^k+i. 

i=l k=0 k=0 

Then for any i G N we have X = X* V X' for a suitable X' T Ei. 

Further we distinguish between two cases: i is even and i is odd. 

If i = 2k is even, then also Y = YiV Yl for a suitable Yf T Ei. Since 

ZEi = (U_i V Yi+i)Ei, we have 

\\W,-ZE,\\ = ||(X,_iVX,+i)E,-(U_i VX,+i)E,|| 

= ||(X,_i + Xi+fiEi - (U_i + Yi+fiEiW 
= ||(X,_1 - + (X,+1 - u+i)F;.i| 

^ ~ ^-l|| + l|A^*+l ~ ^+l|| ^ Vi-l + ^i+l 

< min{(5i_2 + 5*1/2 + min{5j + 5*+2}/2 < 5*. 

Hence by ([^, 

\\^/Ji{Z,X,Y)ei- ei+i\\ < Asi. 

If i = 2{k — 1) is odd, then Z = YiM Yf for a suitable Yf T Ei, and 

similarly as above one can show that 


||iu*-yF;,|| < 5 ,. 
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Hence by ([^, 


||i/^i(F,X, Z)ei - Cj+ill <4ei 


□ 


Finally we prove the main result of this section, Theorem 2.6 of |KMj . 

Theorem 2.6. There exists a sequence ki,k 2 ,--- G {1,2,3} with the 
following property. If H is an infinite dimensional Hilbert space and 
0 7 ^ tco G if, then there exist three closed subspaces Xi,X 2 ,X 3 C H, 
such that the sequence of iterates {wn}^=x defined by Wn = Xk„Wn-i 
does not converge in norm. (Here denotes also the orthogonal pro¬ 
jection onto Xn.) More precisely, the spaces Xi,X 2 ,X 3 C H intersect 
only at the origin, and the sequence {wn}, although weakly convergent 
to the origin, stays in norm bounded away from zero. 


Proof. For = 9 * choose Tj as in Lemma 2.5 Let ei = Wq/\wq\. Fix 


an orthonormal sequence with an inhnite dimensional comple¬ 


ment. Choose closed subspaces X,Y,Z C H according to Lemma \2Pb 
and call them Xi,X 2 ,X 3 . Write for short Ai = Tj(Z, X, X). Since 
ll^ill < 1, we have by induction 

ll^n^n-l • • • ~ Cn+lll 

X ||y 4 „H„_i... A 2 {Aiei — 62)11 -l- ... ^262 — en+i|| 

< 4 si + . . . ^43(^262 — 63)11 -f- ||y 4 „y 4 „_i . . . H363 — 6n+l|| 

< 46i -|- 4^2 + ■ ■ ■ + — 6n+i|| < 4(9 ^ 9 "■) < 1/2 

for all n G N. Since {6*} is an orthonormal sequence, the norm-limit 


lim,, 


AnA 


n—1 


. H 161 does not exist. 


□ 


3. All points may have diverging projegtional iterates 

In this section we strengthen the statement on existence of one badly 
behaved point to the statement that all points (except for zero) in a 
Hilbert space H can be badly behaved. Namely, in Theorem 3.5 we 
show that in every inhnite dimensional Hilbert space H, there exist 
three orthogonal projections Xi,X 2 ,X 3 onto closed subspaces of H 
such that for every 0 ^ Zq E H there exist ki, k 2 ,---E (1,2, 3} so that 
the sequence of iterates dehned by Zn = Xk„Zn-i does not converge in 
norm. 

If we allow hve projections instead of just three, only two sequences 
of indices are needed to get non-convergence at every point. In Theo- 
3.3 we show that there exists a sequence ki, k 2 ,---E (1,2, 3} with 


rem 


the following property. For every inhnite dimensional Hilbert space H 
there are closed subspaces X, Y, Xi, X 2 , X 3 of H so that if 0 7 ^ z G iL, 
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and uq = Xz and no = XYz, then at least one of the seqnences of it¬ 
erates {Un}n=i or {Vn}n=i dehned by Un = Xk„Un-i and Vn = Xk^Vn-i 
does not converge in norm. 

First we prove an anxiliary statement: in an inhnite dimensional 
Hilbert space there always is an inhnite dimensional snbspace of points 
which are badly behaved with respect to projections on snitably chosen 
three snbspaces. 


Lemma 3.1. There exists a sequence ki,k 2 ,-- - G {1,2,3} with the 
following property. Suppose X is an infinite dimensional subspace of a 
Hilbert space H so that the Hilbert dimension of X^ is at least as large 
as that of X. Then there exist three closed subspaces Xi,X2,X3 C H, 
so that for each 0 ^ zq & X the sequence of iterates {zn}^=x defined by 
Zn = Xk„Zn-i does not converge in norm. 


Proof. Let ki,k 2 ,--- G {1,2,3} be as in Theorem 2.6 Let {tn^}AeA 
be an orthonormal basis of X. Let F\, A G A be pairwise orthogonal 
closed inhnite dimensional snbspaces of X-^. Dehne E\ = w\\/ F\ . In 


each Ex choose closed snbspaces Xf,Xf,Xf C Ex as in Theorem 2.6 
For j G {1, 2, 3} dehne Xj = 

Let 0 ^ Zq = G X be given. Choose a G A so that 

ta 0 and write Zq = two + Uq, where t = ta, and Wq = w°‘. Since the 
spaces Ex are pairwise orthogonal, the iterates of the point zo can be 
easily expressed using the iterates of wq and uq, namely Zn = twn + Un- 
Moreover, 

|kn|P=t'|kn|r + ||Wn|r>t'iknir, 


since G E^ and Un G Ef^. Hence, the norm of the sequence {zn} 
stays bounded away from zero. As {zn} converges weakly to zero by 
IM], it does not converge in norm. □ 


Next we will construct hve subspaces of an inhnite dimensional Hilbert 
space H, so that for each 0 7^ a: G FT a certain sequence of iterates of 
projections of x on these hve spaces does not converge in norm. We 
will use the following elementary observation. 

Lemma 3.2. Let H be a Hilbert space and let X be a closed subspace 
of H so that the Hilbert dimensions of X and X-^ are the same. Then 
there exists a closed subspace Y of H so that Xz ^ 0 or XYz 7^ 0 for 
each 0 7^ 2; G if. 

Proof. Let {eA}AeA and {/A}AeA be the orthonormal bases of X and 
X-*- respectively. Then {ca + /A}AeA is an orthogonal sequence; let Y 
be its closed linear span. Suppose 0 7 ^ z G FT is so that Xz = 0. Then 
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^ = Z1(/a, z)fx with some (/«, z) ^ 0. Hence 


XYz 




R5^(/A,^)eA ^ 0. 
AeA 


□ 


Theorem 3.3. Let H be an infinite dimensional Hilbert space. Then 
there exist five closed subspaces of H so that for every 0 z E H some 
sequence of iterates of z defined by the orthogonal projections on those 
subspaces does not converge in norm. 

More precisely, there exists a sequence ki,k 2 ,--- € {1,2,3} with 
the following property. Every infinite dimensional Hilbert space H has 
closed subspaces X,Y, Xi, X 2 , so that ifO^zEH, and uq = Xz, 
To = XYz, then at least one of the sequences of iterates {un}^=i or 
{vn}^=i defined by Un = Xk,^Un-i, Vn = Xk,,Vn-i does not converge in 
norm. 


Proof. Let ki,k 2 , - ■ ■ E (1, 2, 3} be as in Lemma 3.1 Choose a closed 
subspace X of iL so that the Hilbert dimensions of X and X-*- are the 
same. Choose Xi,X 2 ,X 3 according to Lemma 3H and Y according to 
Lemma 13.21 □ 


A stronger result with only three subspaces can be obtained in a 
non-constructive way. First we will show that if the iterates of three 
projections of a certain point do not converge in norm, then there is a 
closed inhnite dimensional subspace of such points. We recall a couple 
of elementary facts about projections we will need in the proof. 

Let iL be a Hilbert space. A continuous linear mapping P : H ^ H 
is called a projection if P^ = P. It is an orthogonal projection if the 
range and the kernel of P are orthogonal. It is easy to see that a 
projection is orthogonal if and only if it is self adjoint. 

Let X,Z G H he closed subspaces so that Xz E Z for each z E Z. 
Then XZ = ZX is the orthogonal projection onto X (1 Z. 

Conversely, assume that the orthogonal projections onto X and Z 
commute. Then again, XZ is the orthogonal projection onto X P Z. 

Lemma 3.4. Let H be a Hilbert space and let Xi, X 2 , X 3 G H be three 
of its closed subspaces. Suppose wq E H and ki,k 2 ,--- E {1,2,3} are 
so that the sequence defined by Wn = X^^Wn-i does not converge in 
norm. Then there exists a closed infinite dimensional subspace L of H 
and closed subspaces Yi,Y 2 ,Y 3 G L so that for every 0 ^ Uq E L there 
exist ji,j 2 , • • • e {1, 2, 3} so that the sequence defined by Un = 
does not converge in norm. 
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Proof. Let Z be the set of all zq ^ H so that for every sequence 

- G {1)2,3} the sequence dehned by Zn = Xj^Zn-i does con¬ 
verge in norm. Clearly, Z is a linear subspace; we observe that it is also 
closed. Indeed, assume that limj_).oo Vq = yo for some E Z and that 

- G {1)2,3}. Dehne recursively the sequences yn = Xj^yn-i 
and ylf = Xj^yff_.^ for m E N. For each £ > 0 choose m E N so that 
\\yjf ~ 2/o|| < ^ and N E N so that \\y]f — y^\\ < e for all k,l > N. 
Then \\yk - yi\\ < \\yk - 1/rll + IblT “ VTW + WvT “ ViW < 3^) since the 
composition of projections is 1-Lipschitz. Hence the sequence {yn}^=Q 
is Cauchy and therefore convergent, and y^ E Z. 

From the dehnition of Z it follows that iiz E Z, then also XiZ E Z for 
i E {1, 2, 3}. Thus X^Z = ZXi is an orthogonal projection onto XjflZ. 
Dehne L = Z^. Then L = Idn — Z for the orthogonal projection onto 
L, hence L commutes with Xi for i G {1,2,3}. Therefore LXi = XiL 
is the orthogonal projection onto = L fl Xj. 

Assume Q ^ Uq E L. Since L fl Z = {0}, there exist ^ 

{1,2, 3} so that the sequence dehned by 

Xj^Uji—i Yj^Un—1 

does not converge in norm, hence L is inhnite dimensional by [E]. □ 

We are now ready to prove the main theorem of our paper. 

Theorem 3.5. Every infinite dimensional Hilbert space H contains 
three closed subspaces Xi,X 2 ,X 3 with the following property. For ev¬ 
ery 0 ^ Wq E H there is a sequence ki,k 2 ,--- E {1,2,3} so that the 
sequence of iterates defined by Wn = X^^Wn-i does not converge in 
norm. 


Proof. Assume hrst H is separable. According to Theorem 2.6, there 
exist Wq E H and ki, ^ 2 , ■ ■ ■ G {1, 2, 3} so that the sequence dehned by 
Wn = Xk^Wn-i does not converge in norm. Let L be the inhnite dimen¬ 
sional subspace of H obtained in Lemma 3.4[ Since H is separable, L 
and H are isometric, and the required subspaces of L, alias FT, exist. 

For a non-separable Hilbert space H we choose pairwise orthogonal, 
separable, inhnite dimensional, closed spaces Hx C H so that 


H = 




AeA 


In each Hx we choose closed subspaces Xf,Xf,X^ according to the 
separable case of the theorem. We dehne 


w= y X^, *G {1,2,3}. 

AeA 
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If 0 7 ^ Wo G -fT, then wq = XIasa'^o some Wx G Hx. Since 0 7 ^ Wq 
for some a G A, there exist ki, ^ 2 , •' ‘ ^ {1) 2, 3} so that the sequence 
of iterates dehned by w“ = = Xk„w°_^ does not converge in 

norm. As 

Wn = Xk^Wn-l = 

AeA 

\\wn — Wm\\ > ||jt“ — w" II and the sequence {wn}^o converge 

either. □ 

Acknowledgements. Eva Kopecka was partially supported by Grant 
FWF-P23628-N18. Adam Paszkiewicz was partially supported by Grant 
UMO-2011/01/B/ST1/03994. 

Reeerences 

[AA] I. Amemiya, T. Ando, Convergence of random products of contractions in 
Hilbert space, Acta. Sci. Math. (Szeged) 26 (1965), 239-244. 

[Ha] I. Halperin, The product of projection operators, Acta Sci. Math. (Szeged) 
23 (1962), 96-99. 

[H] H. S. Hundal, An alternating projection that does not converge in norm. 
Nonlinear Anal. 57 (2004), 35-61. 

[K] E. Kopecka, Spokes, mirrors and alternating projections. Nonlinear Anal. 
68 (2008), 1759-1764. 

[KM] E. Kopecka, V. Miiller, A product of three projections, Studia Math. 223 
(2014), 175-186. 

[KR] E. Kopecka, S. Reich, A note on the von Neumann alternating projections 
algorithm, J. Nonlinear Convex Anal. 5 (2004), 379-386. 

[MR] E. Matouskova, S. Reich, The Hundal example revisited, J. Nonlinear Con¬ 
vex Anal. 4 (2003), 411-427. 

[N] J. von Neumann, On rings of operators. Reduction theory, Ann. of Math. 
50 (1949), 401-485. 

[P] A. Paszkiewicz, The Amemiya-Ando conjecture falls, arXiv:1203.3354 
[Pr] M. Prager, Uber ein Konvergenzprinzip im Hilbertschen Raum, Czechoslo¬ 
vak Math. J. 10 (1960), 271-282 (in Russian). 

[S] M. Sakai, Strong convergence of infinite products of orthogonal projections 

in Hilbert space, Appl. Anal. 59 (1995), 109-120. 

Department of Mathematics, University of Innsbruck, A-6020 Inns¬ 
bruck, Austria 

E-mail address: eva.kopeckaOuibk. ac . at 

Eaculty of Mathematics and Computer Science, Lodz University, 
Banacha 22, 90-238 Lodz, Poland 

E-mail address: adcmipasz@math.uni.lodz.pl 



